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We begin with an effective string theory for long distance QCD, and evaluate the semiclassical 
expansion of this theory about a classical rotating string solution, taking into account the the 
dynamics of the boundary of the string. We show that, after renormalization, the zero point energy 
of the string fluctuations remains finite when the masses of the quarks on the ends of the string 
approach zero. The theory is then conformally invariant in any spacetime dimension D. For D = 26 
the energy spectrum of the rotating string formally coincides with that of the open string in classical 
Bosonic string theory. However, its physical origin is different. It is a semiclassical spectrum of an 
effective string theory valid only for large values of the angular momentum. For _D = 4, the first 
semiclassical correction adds the constant 1/12 to the classical Regge formula. 
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I. INTRODUCTION 



String models provide a simple picture of quark confinement, and have been used to understand the hadronic 
spectrum since well before QCD was established as the theory of strong interactions. A straight rotating string gives 
rise to linear Regge trajectories relating the angular momenta of mesons composed of light quarks to the squares of 
their masses. A fixed straight string gives a linear potential between heavy quarks, and the zero point energy of the 
long wavelength fluctuations of this string gives rise to a universal correction to the linear potential Excited 
states of a fluctuating string with fixed ends give potentials of hybrid mesons In this paper we calculate the 

effect of string fluctuations on the Regge trajectories of mesons. 

In a previous paper jsj, we derived an effective string theory of vortices, beginning with a field theory containing 
classical vortex solutions (dual superconducting vortices) . The field theory itself was an effective field 

theory of long distance QCD, describing phenomena at distances greater than the radius of the flux tube whose center 
is the location of the vortex. The resulting effective string theory was obtained as a development of earlier work 

. We then used this effective string theory to calculate the zero point 
energy of the string fluctuations around a straight, rotating string with quarks on its ends. The classical equations 
of motion determined the distance between the quarks in terms of their angular velocity w, and the fluctuations of 
the ends of the string were not taken into account. The calculated zero point energy gave a correction to the classical 
formula for the leading Regge trajectory. For static quarks separated by a fixed distance R, the expression for the 
zero point energy reduced to — 7r/12i?, the result of Liischer for the contribution of string fluctuations to the static 
quark-antiquark potential. However, for rotating quarks the zero point energy diverged logarithmically as the quark 
mass TO approached zero, and we were not able to calculate Regge trajectories for zero mass quarks. 

In this paper, we show how to take the mass zero limit. We also treat the quark motion quantum mechanically, 
so that the boundaries of the string become dynamical variables which couple to the interior degrees of freedom of 
the string. We evaluate the contribution of string fluctuations to Regge trajectories in the limit of massless quarks, 
and in the limit where one quark is massless and the other is heavy. Finally, we generalize our expressions for Regge 
trajectories to D spacetime dimensions, and compare with the spectrum of the classical bosonic string. 
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II. OUTLINE 



In section 01 we review the results obtained in [g| , giving the expression for the functional integral representation of 



the effective string theory. We give the expression for the contribution of string fluctuations to the Wilson loop of the 
effective string theory, calculated in the classical background of a worldsheet with rotating quarks on its ends. This 
expression exhibits a logarithmic divergence as the quark mass goes to zero. In section IV, we show how to remove 
the logarithmic divergence by renormalization, and take the zero mass limit. 

In section ^ we take into account the quantum fluctuations of the positions of the quark and antiquark at the 
ends of the string. We obtain an effective Lagrangian for the rotating string from which the meson energy levels can 
be determined. This effective Lagrangian Lcs{uj) is determined by a functional integral of the effective string theory 
evaluated in the steepest descent approximation about a classical rotating string solution. The action determining 
this path integral is the N ambu -Goto action, added to the action of the point particles on the ends of the string. 

In sections VI through VIII, we expand the action to quadratic order in small fluctuations about the classical 
rotating string solution. These fluctuations separate into two classes, interior degrees of freedom determining the 
positions of the interior points of the string, and boundary degrees of freedom determining the fluctuations of the 
positions of the quark-antiquark pair at the ends of the string. The fluctuations of the ends of the string excite 
the interior points, which in turn react back on the ends, producing an effective quark-antiquark interaction. The 



remaining interior string fluctuations are decoupled from the fluctuations of the positions of the quarks. In section IX, 
we calculate the zero point energy of these interior fluctuations, generalizing the results of to the case where the 
quark masses are not equal. 

In section we find the propagator for the boundary fluctuations from the effective boundary action. We show 
that for zero mass quarks, the poles in the propagator are at integral multiples of lu. These frequencies are the same 
as the frequencies of the harmonic oscillators determining the interior Lagrangian. That is, for massless quarks, we 
find that taking the fluctuations of the boundary into account does not change the spectrum of the excited states of 
the rotating string. We also evaluate the position of the poles in the propagator when one quark is heavy and the 
other is massless. We find that the spectrum in this case is shifted when boundary effects are taken into account. 

In section KJ, we evaluate the results of sections LX and ^ in certain physical limits. Our results are valid when 
the masse s of the quarks are either zero or very large, and when the string length is large compared to its thickness. 
In section XII, we calculate the Regge trajectories of mesons containing zero mass quarks. The ground state of the 
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rotating string gives the leading Regge trajectory, and the excited states of the rotating string give rise to daughter 
Regge trajectories determining the spectrum of hybrid mesons. We also calculate the Regge trajectories for mesons 
composed of one heavy quark and one light quark. 



In section 



XIII, we extend the calculations of this paper to D spacetime dimensions, and compare with the spectrum 



of classical Bosonic string theory. 



III. PREVIOUS WORK 



A. The Effective String Theory 



In reference Q, we began with a quantum field theory having classical vortex solutions. The dual Abelian Higgs 
model is an example of such a field theory. The surface a;'^(^^,^^) of zeros of the complex dual Higgs field is the 
location of the vortex sheet, and electric flux is confined to tubes of radius a, where = M, the mass of the vector 
particle in the theory. 

The path integral, which defines the Wilson loop W[r] of the field theory, goes over all field configurations containing 
a vortex sheet bounded by the loop F formed by the worldlines of the trajectories of the quark and antiquark on the 
ends of the vortex. The action S'cff[i''] of the effective string theory is obtained by first integrating only over field 
configurations containing a vortex on a particular surface i'^. The remaining integral over the surfaces then gives 
W[r] the form of an effective string theory of vortices. 

The action S'off[i''] is invariant under reparameterizations ^'"(0; ^ — of the worldsheet f (^) of the 



vortex. We choose a particular parameterization of in terms of the amplitudes /"(C), a 
fluctuations of the vortex, 



1 , 2 of the two transverse 



(3.1) 



This gives W[T] the form 



where 



App = Dot 



gM^'a/S a^^M dxi' Qx"' di^ 

W dp de W 



is the Faddeev-Popov determinant produced by gauge fixing the reparameterization symmetry, and where 
the square root of the determinant of the induced metric gab, 

dx^ dXfj, 



(3.2) 



(3.3) 



-g IS 



(3.4) 



The path integral (3.2) goes over string fluctuations with wavelengths greater than the radius 1/M of the flux tube. 
The measure of the path integral (3^) is universal and parameterization invariant. The factor App came from 
rewriting the original field theory path integral as a ratio of path integrals of two string theories . 

The action iScff [i^] can be expanded in powers of the extrinsic curvature tensor /C^^ of the worldsheet i^. 



S,s[i^] = -<jJ d^^. 



"-giJCtbY 



The extrinsic curvature tensor is 



HO 



(3.5) 



(3.6) 



where n^{0, ^ = 1, 2 are vectors normal to the worldsheet at the point x^{£,)- The string tension cr and the rigidity 
P are determined by the parameters of the underlying effective field theory. 

The extrinsic curvature /C^j^ is of the order of magnitude of the angular velocity w, and the expansion parameter in 
the semiclassical approximation is uP' ja ~ where J is the angular mo men tum of the rotating string. Therefore, 
in the region of large J where the effective theory is applicable, the action (3.5) can be replaced by the Nambu-Goto 
action ^ng, 



NG 



(3.7) 
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FIG. 1. The string coordinate system 



B. The Semiclassical Calculation in the Background of a Rotating String 



Using ( |3.2| ) and (3.7), we calculated W[T] in the leading semiclassical approximation in the background of a 
worldsheet generated by a straight string attached to quarks rotating with uniform angular velocity uj (See Fig. |^). 
The quarks have masses mi and m2, move with velocities vi = ujRi and V2 — i^R2, and are separated by a fixed 
distance R ~ Ri + R2. The parameters ^ = (^j^) are the time t and the coordinate r, which runs along the string 
from —Ri to i?2, so that the transverse velocity of the straight string is zero when r ~ 0. 

The amplitudes /(^) of the transverse fluctuations are the spherical coordinates 9{r, t) and (j){r, t) of a point on the 
string. These angles are defined in an unconventional manner so that 9{r, t) = (f){r, t) = is a straight string rotating 
in the xy plane. The ends of the string are fixed to their classical trajectories, 



-Rut) ^ e{R2,t) 



-i?l,t) = 0(i?2,t)=O. 



The fluctuating worldsheet then has the parameterization 5:'' (r, t) given by 
i''(r,t) =a;^(0(r,t),(/.(r,t),r,i) 

= teg + r cos 9{r, t) cos ((/)(r, t) + uot) e^' + cos ^(r, t) sin {(t>{r, t) + ut) §2 

-sin6'(r,i)e;^ , 

where e^, a = , ... 3 are unit vectors along the four fixed spacetime axes, = 5^. 



The classical rotating straight string a;^(r, i) has the parameterization (3.9) with 
0, 



(3.8) 



(3.9) 



x^'{r, t) = a;^ (6'(r, t) = 0, 4>{r, t) = 0, r, t) 
~ teQ + r [coswte^' + sinajte2] . 



(3.10) 



The corresponding metric gab = gab[x^] and the classical action SNGia^*"] are independent of the time i, so that W^[r] 
has the form 



W[T] 



(3.11) 



where T is the elapsed time. For massless quarks, the ends of the string move with the velocity of light, and singularities 
appear in i^^^trmg^ regulate these singularities, we retain the quark mass as a cutoff and take the massless limit at 
the end when evaluating physical quantities for massless quarks. 

The Lagrangian is the sum of a classical part jf^™^ and a fluctuating part ^auc"^, 



where 



7- string 7- string , t string 



(3.12) 



(3.13) 
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The effective Lagrangian for the quark-antiquark pair is obtained by adding quark mass terms to L^^™s-^ 

2 
1=1 

The effective Lagrangian is the sum of a classical part and a fluctuating part, 



Lcff (i?l, i?2, to) = Lcl(i?l, i?2, + i?2, 



(3.14) 



(3.15) 



where 



dr^y l-r 

2 

= -E 



Ri f arcsin(ui) 



ma. 



(3.16) 



with 



7* = 



(3.17) 



The expression for ig™^ is obtained from ( |3.11 ) and the semiclassical calculation of VF[r]. It contains terms 
which are quadratically, linearly, and logarithmically divergent in the cutoff M. The quadratically divergent term is 
a renormalization of the string tension, the linearly divergent term is a renormalization of the quark mass, and the 
logarithmically divergent term is proportional to the integral of the scalar curvature over the whole worldsheet pl| . 
After absorbing the quadratically and linearly divergent terms into renormalizations, we obtained an expression for 
-^fluc"^ js) . The following is a generalization of that expression to the case of unequal quark masses (see Section [X ) : 



Lf'"'^(Ri,R2,uj) = -^-Y 
flue V 1, 2, ; -^2i?„ ^ 



UJVjJi 



In 



MR, 



+ 2^ + W2) 



(3.18) 



where Rp is the proper length of the string, 



Rp — — (arcsinui + arcsinw2) , 



and 



to 



r ^2 



ds In 



+ {vili + V2j2)s coth{sRpUj) + ■i;i7iW272 



(s + wi7i)(s + W272) 



(3.19) 



(3.20) 



The function /(ui, V2) vanishes when vi and V2 approach unity, so that the last term in ( [3.18 ) is small for relativistic 
quarks. 

In the limit lo ^ 0, Rp Ri + R2 = R, and ifl™^ reduces to the result of Liischer for the correction to the static 
quark-ant iquark potential due to string fluctuations, 



^Luschcr — — ifluJ."^(i?l, i?2, — 0) — — 



12R 



(3.21) 



For u) ^ 0, contains a logarithmically divergent part. We simplify this term using the classical equation of 

motion, 



OR, 



R^=R^ 



= 0, 



(3.22) 



to express Ri in terms of lo. Eq. ( 3.22| ) gives the relation 



oRi = (7j - l) 



(3.23) 
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where 7^ is equal to 7^ evaluated at Ri = Ri. The solution of ( 3.231 ) for Ri as a function of uj is 

1 



Ri — 




■niiUJ 



(3.24) 



Using the relation ( 3.23| ) in (3.18) gives 



J string 



12R„ 



TT 



i=l 



In 



f Mrrii 

— 



(3.25) 



The logarithmically divergent quantity in the square brackets is independent of the dynamical parameter lo. This is 
important, because the quantity uvi^i diverges when rrii — > 0. 

In the next section, we will show that the term containing the logarithmic divergence can be absorbed by renor- 
malization of a contribution to the string action called the geodesic curvature. When this divergence is removed, the 
theory will be finite in the nii ^ limit. This renormalization was not done in and is important because it will 
produce a finite limit of the theory for massless quarks. 



IV. RENORMALIZATION OF THE GEODESIC CURVATURE 



W e now define the geodesic curvature jj], and renormalize ( 3.25 ). In the same way that the action for the string 
(3.5) can be expanded in powers of the extrinsic curvature, the action for the boundary can be expanded in powers 
of the geodesic curvature. Using the notation for the positions of the ends of the string. 



x'i{t)^i^{{-iyR,{t),t), 



(4.1) 



the boundary part St of the action is 



2 

i=l 



dt 



dt 



r=[-lYR,{t) dt 



■ IJ,2 



(4.2) 



where t^^ is the antisymmetric string worldsheet orientation tensor. 



(4.3) 



The first term in (4.2) is the quark mass term. The second is the contribution of the geodesic curvature of the boundary 
(the extrinsic curvature of the boundary in the plane of the string worldsheet). The factor of (—1)* multiplying t^i, 
is present so that i:^(— l)*i^j, is always an outward pointing radial vector. 

For a straight string rotating with angular velocity to, the geodesic curvature is equal to ujVijf. Inserting this in 



(4.2) and dropping the integral over time gives the boundary Lagrangian, 



- boundary 



i=l 



(4.4) 



where Ki is the coefficient of the first order term in this expansion. The logarithmic divergence in ( 3.25 ) can then be 
regarded as a renormalization of Kj. In the limit where the quark is massless, we must take the — > limit before we 
take the cutoff M to infinity, since we have an effective theory. In the rrii — > limit, the requirement that the action 
(4.4) is finite then forces the renormalized value of Ki to be zero (note that this does not prevent Ki from being zero 
for nonzero rrii). The logarithmic divergence in M may therefore be absorbed into a renormalization of the geodesic 
curvature in the case whe re eit her = or << 1. 

Removing the terms in (3.25) proportional to uvi^fi gives an expression for ™^ which is applicable in the massless 
quark limit. 



12R, 



(4.5) 
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In the case of two lig ht mesons with mi = m2 = (71,72 00), Eqs. (3.1£) and ( 3.2(]| ) give Rp = tt/uj and 
f{vi,V2) = 0, so that (15) becomes 



7- string 
^fluc 



(C) 



UJ LU 7 

2,=,n.2=o ^ 12 ^ "2 ^ 12^' 



In the case of one heavy and one hght quark, mi — > 00 {vi —^ 0) and rn2 = (72 — > 00), Rp — tt/2uj and 

f{vi^0,V2^l) = / Incothf Js) =-^J, 



so 



12=0 



UJ UJ UJ 5 
6 + 2-4 = 12"- 



(4.6) 



(4.7) 



(4.8) 



V. FLUCTUATIONS IN THE MOTION OF THE QUARKS AT THE ENDS OF THE STRING 



In the previous discussion, the quark-antiquark pair moved in a fixed classical trajectory in the xy plane (See 
Fig. H and Eq's ( ^.8[ ) and (3.24)). We now take into account the fluctuations of the positions Xi(t) and X2(i) of the 
quarks at the ends of the rotating string, so that these coordinates are no longer fixed by ( |3.8| ) and ( 3.24 ). The radial 
coordinates Ri{t) and R2{t), along with the angular coordinates ^(—i?i(t), t), 0(— i?i(i), i), 9{R2{t),t) and 0(i?2(i), i), 
parameterize the endpoints xi (t) and X2 (t) of the string in a reference frame rotating with angular velocity lo in the 
xy plane, 

xi{t) = -Ri{t)(^cos9{-Ri{t),t)cos{(l){-Ri{t),t) +Lut)ei 

+ coae{-Ri{t),t) sin{(t>{-Ri{t),t) + Lut)e2 - sme{-Ri{t),t)e3^ , 

X2{t) = i?2(i)(cos6'(i?2(t),i) cos(0(i?2(i),t) +t^i)ei 

+ cos9{R2{t),t) sm{<j){R2{t),t) + ujt)e2 - sme{R2{t),t)e3^ . (5.1) 

The values of the coordinates r and t at the ends of the string are determined by the equations r = —Ri(t) and 
r — i?2(i)j so the string has the representation ( |3.9| ) with 

- Ri{t) < r < R2{t) . (5.2) 



We extend the functional integral (3.2) to include a path integral over xi{t) and X2(t), and add the action of the 
quarks to the string action (^). This extension replaces W[T] by the "partition function" Z, 



where Zb is the partition function of two free (scalar) quarks. 



Zh 



Vii{t)V^2{t)e 



(5.3) 



(5.4) 



Dividing by Zb removes the vacuum energy of the quarks. 

The partition function Z sums over all string states. In choosing the parameterization (3.£) for i'^(^), we have 
replaced Z with a partition function which contains a sum over those string states with a particular value of the 
average angular velocity uj. We denote this partition function by Z{uj). 

Under the parameterization (3.9), the integration measure "Df^Vf^App for the interior of the string becomes 



2?/'(0 W(0 Afp = T) (sin0(r, t)) V(t>{r, t)Dct 



(5.5) 
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The integration measure for the endpoints is 



PxiPxa = X'(sin( 



--Ri(i) 



VRiV{sint 



r=R2(t) 



V(j3 



r=R-2{t) 



VR2Det[Rl]Det[Rl] 



The path integral (5.3), with the parameterizations (3.9) and (5.1), is then 



X>(sin 9)V(j)VRiVR2Det 



„2 1 



Bet[Rl]Det[Rl]e-f-->''^'^\ 



where the Lagrangian L[a;'^] is 



R2{t) 



-Ri(t) 



-g ~ y m, 

i=l 



(5.6) 



(5.7) 



(5.8) 



where if is the time deriv ativ e of , defined in (4.1). 

The functional integral (5/7) evaluated in the steepest descent approximation about the classical solution d{r,t) 
(j){r, t) = 0, Ri{t) ~ Ri determines the effective Lagrangian for the rotating quark-antiquark pair, 



Ziuj) 



(5.9) 



Eq. (5.9) is the extension of ( |3.11 ) to include fluctuations of the boimdary. The effective Lagrangian is the sum of a 
classical part and a fluctuating part. 



Lcs{<^) = Lc\{(^) + ifluc('^) , 



(5.10) 



where Lc\{u}) is given by (3.16). The fluctuation part Lfiuc contains contributions both from fluctuations of the interior 
of the string and from fluctuations of the boundary of the string. 

In Appendix using the methods of Dashen, Hasslacher, and Neveu 1 10|, we obtain from the full partition function 
Z a quantization condition on the angular momentum, and show how to find the energies of the physical meson states. 
We summarize these results here. The angular momentum J is 



J 



(i£eff(^) 

duj 



(5.11) 



where Lcs{^) is determined by ( |5.9| ) in terms of the particular partition function (5.7). The angular momentum is 
fixed by the WKB quantization condition, 



J = / + - / = 0,1,2,.. 

The energy E(lu) is given by the corresponding Hamiltonian, 

E(uj) = LJ — — Lcs{uj) ■ 



(5.12) 



(5.13) 



The energy is equal to the classical energy Ediu;), plus a correction due to fluctuations. To first order in the 
perturbation Lfluc('^)j the correction to the energy is minus the correction to the Lagrangian [p9|. 



E{u!) = Eci{uj) - Lfiuc(w) , 



where 



Eciiu)) = uj — — Lc\{lo) , 

and where uj is given as a function of J by the classical relation 

dLc\{uj) 



J = 



dbJ 



The zero point energy of the fluctuations is then 

Efinc{J) = -ifluc(<^(J)) ■ 



(5.14) 
(5.15) 

(5.16) 
(5.17) 



Eq's (5.16) and (5.17) give the leading semiclassical correction to the energies of mesons on the leading Regge trajec- 
tory. 
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VI. QUADRATIC EXPANSION OF THE ACTION 



To evaluate the effective Lagrangian L^si^) from ( |5.9| ), we must first expand the Lagrangian L[a;''] to quadratic 
order in the small fluctuations about t he cl assical solution. We call ri (t) and r2 (t) the fluctuations of Ri (t) and i?2 (t) 
about the classical values Ri and R2 (3.24), 



Ri{t) = Ri+ri{t) 



R2{t) = R2 + r2{t) . 



(6.1) 



To quadratic order in small fluctuations, the angular coordinates of the ends of the string d{{—iyRi{t),t) and 
(j){{—iyRi{t),t) can be evaluated at the classical values of the Ri{t). 

The degrees of freedom in the Lagrangian can be viewed as a combination of string degrees of freedom {4>{r, t) and 
0{r,t) for —Ri <r < R2) and quark degrees of freedom 



ei-Ri,t), e{R2,t). 



-Ri,t), </)(i?2,i), n{t), r2{t). 



(6.2) 



The quark degrees of freedom depend only upon t (and not r), and we refer to them as "boundary" degrees of freedom. 
The string degrees of freedom depend on both t and r, and we refer to them as the "interior" degrees of freedom. 
Eq's ( ^.9D and ( 5.10| ) for Leff(w) reduce to Eq's (3.11) and (3.12) when the boundary degrees of freedom are set equal 
to zero, and become boundary conditions on the interior degrees of freedom. Inclusion of these boundary degrees of 
freedom gives an additional contribution to LcniLo). 

We now expand the Lagrangian (5.S) and the corresponding action \^!^i2 to quadratic order in the small 

fluctuations 6'(r, t), 0(r, t) and ri(t) about the classical solution ^^ = = 0, 7'i = 0. We first evaluate the string tension 
term. Using the parameterization (^.9[) of the worldsheet, we obtain the tangent vectors to i''. 



Gq — rd (sin d cos(0 + ujt)e^ + sin 9 sin(0 + ujt)e2 + cos Oet^) 
+r ((j> + Lj] cos 9 (— sin(0 + Lijt)e'^ + cos 



= (cos6'cos( 

r9' (sin6'cos((/) - 
r(j)' cos 9 (— sin(. 



6 + ujt)e'^ + cos6'sin((/) + ujt)e2 — sin6'e3) 

- ujt)e^ + sin 9 sm{(f> + ujt)e2 + cos 6*63 ) 
) + wt)e^ + cos(0 + ujt)e2) . 



(6.3) 



The components of the metric are 



9tt 



9rt = i'^x'^ = r^t 

Qrv — ^ fj, — ~^ 



COS 9 , 



cos 



r^9'^ +r^(l3'^ cos^i 



(6.4) 



To quadratic order in 9 and 0, the square root of the determinant of the metric is 



(6.5) 



where ~ Vl — r^o;^. 

To evaluate the string tension term to quadratic orde r, w e must also expand the limits of integration —Ri(t) and 
R2{t) about —^1 and R2 respectively. Using (6T) and (O), we obtain 



B.2{t) 



R2 



dr 



7 — r uj^(j3 



.2/12 



-2/1/2 



r u}j4> 



r=(-i)'i?, 2^ ' ' dr 



(6.6) 
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The second term in ( |6.6| ), which is hnear in cf), is a perfect time derivative, and contributes a term in the action given 
by 



T/2 



dt 



T/2 



-R2 



drr jojcj) ■ 



R2 



drr -fU! 



T 



T 



(6.7) 



The quantity in square brackets is zero, since the a ngu lar velocity lo is defined to be the angle traversed by the string 
in time T, divided by the time T . The constraint (6.7) is the condition that the fluctuation does not contribute to 
first order to the angular momentum of the string, and hence contributes only to vibrational modes. 
Next we expand the quark mass term in (5.8), 



{x^ + rx'>^ 



#((-l)*i?.(0,0 



r=(-l)'fl,(i) 



r=(-l)'i?4t) 



dt 



2 - C^2^2 



1 



2;r,3 1,2 



+ (-l)V: 



dr 



1 2rf'(7-^) 



r=(-l)»i?„ 



dr"^ 



r={-lYRi 



-2_ d^{R,{t),t) 



dt 



dir^j) 



dr 



r={-iyRi 



2 - c^202 



2;r,3 12 



R 



r={-iyRi 



(6.8) 



Inserting (5.6) and (pM into (5.8) and applying the constraint (p.7\) gives 



R-2 



dr 



-Ri 



r^7 ^2 -w202_^-2^,2 



E 



r=(-l)»_R„ 



rriiR^ 



2 12 



23/12 -2 //2 

+ r 7 I - 7 (p 



r=(-l)'i?„ 



+ (~^7i ^ + rrii-iiRiLo'^) ri + ^ma^rf + ^ (ajiRuj'^ + niijfuj'^) rf 



+ (ajiR^uj + nii-fi (7^ + 1) i?icj) Tji/) 



r=(-l)»i?i 



(6.9) 



The tcrr n in ( 3.9) which is line ar in vanishes, because R satisfies the classical equation of motion ( p. 24 ). Replacing 
a using (3.24) in the terms in (6.9) which contain gives 



r^-f(e^-uj^e^-j-^o'2 



r={-iyRi 



r={-iyRi 



r=(-l)»_R, 



(6.10) 



Eq. (3.10) is the complete quadratic expansion of the Lagrangian, and it includes both interior and boundary degrees 
of freedom. The interior-interior interactions are all contained in the integral over r, and the boundary-boundary 
interactions in the last term are proportional to the quark masses. Interior-boundary interactions occur in the terms 
in the integral containing Q' and 0', which couple interior and boundary parts of d and </> through the spatial derivative. 
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VII. COUPLING OF QUARKS TO EXTERNAL SOURCES 



The effective Lagrangian (q^) determines the energy (5.17) of the ground state of a rotating quark-antiquark pair 
having angular momentum J . We wiU also calculate the energies of the excited states of the mesons (hybrid mesons 
lying on daughter Regge trajectories) by examining the poles in the Green's function which describes the coupling of 
the endpoints of the string. To obtain this Green's function, we add to a term Lgourcc coupling the positions 

Xi(t) and X2(t) of the quarks to external forces p^{t), i ~ 1,2, 



(7.1) 



where 



, sin S^ei + cos 6^2 + pl&s . 



(7.2) 



The sources pi couple to the fluctuations 6 transverse to the plane of rotation, while and 6i are the polar coordinates 
of the forces coupling to the fluctuations 0, ri, and r2 lying in this plane. The Lagrangian ( 6.1C| ) couples the interior 
and boundary degrees of freedom, so that sources acting on the boundary will also couple to the interior degrees of 
freedom, and are capable of generating the excited states of the string. 

Inserting the expression ( |5.1| ) for the quark coordinate into Lsourcc, and keeping the leading term in small 
fluctuations gives 



where 



and 



^source — ^source 



i=l 



(7.3) 



(7.4) 



Tf 



(7.5) 



i=l 



The Lagrangian ifourco gives the coupling of the source to the transverse fluctuations 9{{—iy RiA)^ while ifourco gives 
the couphng of the sources to the in plane degrees of freedom ri{t) and ({){{— If Ri, t) (See Fig. ||). The phases 5i give 
the direction of the external force in the plane of rotation in the space-fixed system, and the angles ut + 5i give the 
angle between this force and the instantaneous position of the rotating string. 

The Lagrangian ( |6.1C| ) does not couple the traverse degrees of freedom 9(r, t) to the in-plane degrees of freedom 
4>{r,t) and ri{t), so we can treat them independently. We can write 



where 



and 



— Lci + Le + La 



(7.6) 



Lrh — 



1 

2" 



12 -2 //2\ J 



(7.7) 



i 



lf2 + i (272 - 1) ^ 2R,i,jfn4> + \rIiU^ 



r={-lYRi 



Ti sin (cut + 6i) + Ricf) 



r=(-l)'fl. 



COS {ojt + Si) 



2 r 



Lg - 



E 



1 



(7.8) 



r=(-l)'_R, 
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The quan tities Lg and contain th e qu ark mass terms and the source terms, and depend only on the boundary 
values (6^). The remaining terms in (7/7) are the contributions of the string Lagrangian to Lg and L^, and they 
depend upon both the interior and boundary degrees of freedom. In the next section we will decouple the interior 
and boundary degrees of freedom, and will obtain an expression for the action as a sum of an interior contribution 
and a boundary contribution. We will do this separately in each "sector" {9 and 4>) using a common procedure. 



VIII. DECOUPLING THE INTERIOR FROM THE BOUNDARY 

We write the two equations ( |7.7|) for Lg and as specializations of an equation for {ip = 9,( 

The constant C is in the sector, and zero in the sector. The function S(r) is 



E(r) 



7V, 



The action S,p for each sector can be expressed in terms of the Fourier transform of "0 with respect to time. 



(8.1) 



■2) 



(8.3) 



-|^(-i)^s((-i)^i?,)7r'^6 



dr 



dtL 



r=(-l)i_R, 

where iph^i are the values of ■0 evaluated at the ends {—lyRi of the string, 

^bA^) = ^{{-iyR,,v). 

We next define the "boundary part" i^sif, of ^(r, v) to be the solution to the differential equation 



-|-I](r)7-^|--(z.2-C)E(r) 



i^B{r,y) =0, 



satisfying the boundary conditions 

We define the "interior part" -0/ (r, v) of as 

0/(r, v) = i/)(r, v) - -ipBir, v) ■ 



(8.4) 



.5) 



(8.6) 



■7) 



Due to the boundary condition (8.7), ij^B is entirely determined by the "06,;. Eq. (3.6) guarantees that iJjb does not 
couple to "0/. Notice that, by definition. 



so that the fields tpjdo not involve the boundary fluctuations. 

Replacing ip in (B.4) with ij^B and "0/ and integrating by parts yields 



.9) 



(8.10) 



with 



12 



(J f dv 



2 / 2tt 



Ri 



drip} 



and 



SB,i) — 



|f](-i)'E((-im)7r'/ 



2tt^'''' \ dr 



r=(-l)i_R,, 



dtL^ . 



(8.11) 



(8.12) 



The interior action depends only on the interior degrees of freedom (the values of ip{r^ v) for — i?i < r < R2), while 
the boundary action only depends of 'ipb^i{h'). 

To express ipB in terms of the ipb,i, we use the Green's function G(r, r', v) satisfying the equation 



G{r,r',v) = 6{r-r') 



for —Ri < r < i?2, and the boundary conditions 

G((-l)'i?,,r',i.) = 0. 
The solution of (|8.6| ) with boundary conditions ( |8.7| ) is 



d 



^B(r-,z^)=5](-l)^+iS((-l)%)7-'V^MM^G(r,r' 



Inserting the expression (B.15) for ips into the definition (8.12) of 5^ ,/,, we find 



where 



r' = (-l)>Bi 
r=(-l)3B,- 



(8.13) 



(8.14) 



(8.15) 



(8.16) 



(8.17) 



Eq. (3.16) gives the boundary action in terms of ipb,i{i^) and the functions G^(y) which are evaluated in Appendix^ 

(Eqs. (B12) and (B17)). The term involving in (S.16) represents the "back reaction" of the interior degrees of 
freedom to the boundary variables. 

Inserting (Q into ( p^ gives the boundary actions 83,9 and SB,(t>, 



and 



Sbm = 



27r 

2 



i=i 



i,3 = l 



Y^{-ir~p'*{v)R^hA^) 



1=1 



Se 



du 
2^' 



i=l 



\ {v" + (27f - 1) 0?) \h(y)\^ - 2i?,c.7^Im (fl{v)ibA^) 



4>bA'^) 



E 



(-1)' 



+/5^ {v - cj) f i?i(?!)b,i(i') + iri{iy) 



p'^{iy + uj) (^RicfibA^) - ifi{v) 



(8.18) 



(8.19) 
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We have introduced the Fourier transforms of and the sources p^g and p^, 

h{v) EE / dte— *r,(0 , p^(z.) ^ / die— V*e(i) , P^i.) ee / dte— . 



(8.20) 



The function p^^(v) incorporates two degrees of freedom, p^^{t) and 5i{t), so it is an arbitrary complex function. The 
other two Fourier transforms satisfy the reahty conditions 



Using the definition (jsj) of I](r) and C in (|t|) gives the interior actions 

a f dv 1-^^ 



2 / 27r 



drt 



and 



S14 



Ri 



dv 



^—12^ /2 2\ 2 



^ 2 ^ 2 3 2 

'7^7'^ 1/ 7 r 

or or 



27 27rjfl^ 

The total action is the sum of the independent contributions, 

J dt{L + -Lsourcc) = J dtLcl + Sifi + Sl^^ + Ssfi + SB,<f, , 

and the partition function Z{ll!) is a corresponding product, 
The interior partition function is 

where Det[r^/-^— gj is replaced by its classical value. The boundary partition hmction is 



2 

Zb{^) = ^y"n [m.^I^fZ-b.^I^nDetii^^]] e 



iSs.a+iSE 



.21) 



.22) 



(8.23) 



(8.24) 



(8.25) 



(8.26) 



.27) 



We will evaluate these two parts separately in the next two sections. 



IX. EVALUATION OF THE INTERIOR PARTITION FUNCTION Zi{uj) 



In this section, we evaluate Zj{uj) and derive Eq. ( p.25| ) for ig^J."^, generalizing the results of |g] to the case where 
the quark masses are unequal. The interior action depends exclusively on the functions Oi(r, v) and (j^iir, v), which 
vanish at r ~ (—lyRi. We simplify Sj^g and Sj^^ by changing coordinates from r to 



X = — arcsm ujr . 

We also change our integration variables 9i and to differently normalized functions, 

9i{r,v) = -k{x,t) , 
r 

^i{r, I') — f{x,t) . 
7r 



(9.1) 



(9.2) 



The components of the action become 



14 



dv 



2] 2TrJ^x, 



dxk* 



27r 



X2 



2cj^ sec^ ujx - 



where the hmits of integration are 



Xi = — arcsin LoRi 



In terms of the new variables ( |9.2| ), the interior partition function ( p. 26 ) is 

Doing the integrals over / and k gives 

Zi{lj) = Det"i/2 [-V^] Det"i/2 [-V^ + iuj"^ aec^ ux] , 

where — is the Laplacian in the a;, t coordinate system. This coordinate system is conformally flat, i.e. gxx 
9x1 — 0, so we can use the result of Liischer that for a static string in the large time limit, 

Det~^ [~^^] — e^i2 « : static quark background. 



(9.3) 



(9.4) 



(9.5) 



(9.6) 



■7) 



wher e R is the length of th e string and T is the time elapsed. In Eq. (9^), the string length Xi + X2 obtained from 
( |9.4[ ) is i?p, given by ( |3.19 ), which is the "proper length" of a relativistic rotating string. Making the replacement 
R = Rpin (^ gives 



rotating quark background. 



We therefore see that 



so that 



-1/2 



-V^ + 2lj^ sec^ Ljx 



-TLI., 



(^) 



12i?p T 



-Trlog 



-V + 2cj"^ sec"' UJX 



(9.8) 



(9.9) 



(9.10) 



is the contribution of the interior degrees of freedom to ifluc- 

We can express the trace in (9.10) in terms of the eigenvalues /i„ and A„ determined by the spatial boundary 
problems 



dx^ 



+ 2UJ sec LOX fn(x) = flnfn{x) , 



dx'^ 



kn{x) — X-akjiix^ 



(9.11) 



where — Xi < x < X2, and fn{x) and kn{x) vanish at the boundaries. The differential equations ( |9.1l| ) are identical 
t o Eq s. (p314| ) a nd (]B8| ), a nd th e eigenvalues /i„ and A„, as well as the corresponding eigenfunctions, are given by Eqs. 
( C17| ), ( pi8D , ( |C3l| ), and ( C32| ). The eigenvalues are obtained from the equations 



tan i^/JI^Rp) = ^/JI^Lu- 



Vljl + V2J2 
fin - U}'^Vi^iV2l2 



Hp 



(9.12) 



The solution /i„ = to the first of these two equations does not produce a valid eigenvalue, as the corresponding 
eigenfunction vanishes everywhere. 
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Taking a Fourier transform in time and performing a Wick rotation on ( 9.10| ) gives 



P n=l 



+ A„ 



TT \ - 

h > TT 



12i?, 



n=l 



//-in 



(9.13) 



The sum over n is fogarithmically divergent, so we have imposed a cutoff, restricting ourselves to spatial eigenvalues 
less than A. Since our evaluation of the determinants took place in the x coordinate system, this is a cutoff in the x 
coordinate space. It is related to the cutoff Al in the r coordinate space by the equation 



(/V 

A = M— ^ Mj-^ . 
ox 



(9.14) 



Using the methods of j|] to evaluate the sum ( 3.13 ) gives the result ( 3.25 ) for ifluJ,"^(< 



X. EVALUATING THE BOUNDARY PARTITION FUNCTION Zb{uj) 



expressions (p. 18) and (B.19) gives Zb the form 



We begin our e valuat ion o f Zb{lu) (8.27) by writing down the explicit form of the partition function. Inserting the 



X exp < I 



1 



2^ 



a 
2 



1 r ^ 

2 

^ (e;*.(^)G;-'"(^)0~,,,(^) + <,(^)G^/(^)0,,,(^)) 

+ E "^^^^ ( ^ + - 1) u;') InMl^ - 2i?,a;7^Im (r7(i.)0fc,,(j.)) 



2 1 



1 * I - ~ 



Doing the integral over the fi gives 



rj exp -j W ^ E 



(.^ + (27f-l)a.^)|n(.)r 



-2_Ri. 



i^Im U*(v)~^b,,{v) \ + [-ip^eiy + tj) + i/5^*(i^ - cj)) f,(i/) 



Det-i/2 



nm,7,(z.2 + (272. 1)^2) 



:i=\ 



dv \ ^ 

X exp <^ z / — 2^ 



27r 



'2;r,5 



2m,i?^7; 



+ (272 - 1). 



z/2 + (272 - ly- 



1^2 + (272 - l)c^2 



(10.1) 
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(10,2) 



Inserting (10.2) into (10.1), and using the fact that Z^^ ^ is equal to Det'^[i^^], up to an overaU constant, gives the 
following expression for Zb[u!), 



where 



and 



Zb{lu) = (const.) J Yl [veb,^V4>b,, 



Det 



-1/2 



X exp < I 



i=l 

dv 
2^ 



Det^ [z/2] 



1=1 



+ - 1)^ 



i=l '""i-n-^i 



^ X -3p2 2'^1_(27[+1)^ ^^j. . 



(10.3) 



(10.4) 



(10.5) 



The quantities F*-' are the coefficients of the quadratic terms in 9i,^i and (j>b,i- They determine the contribution of 
the boundary fluctuations to the string energy, an d are closel y rela ted to the physical propagat or for driven oscillations 
of the string modes. Inserting the explicit forms (B12) and (B17) of G^g and G?, and using (3.23) to replace to^, we 
find 



rr (-) = 



vaViVj 



cot {vRp) ) + (1 — Sij) CSC {vR. 



■pi ] 1 



and 



rr (^) = * 



'•',,,3 („2 



, Sij iyUVi^i sm.{vRp) - ujvi^iV2^2 coalvRp)) + (1 - Sij)ujVi^iV2^2 
(i/2 - Lu'^vi^iV2^2) sm{vRp) - vbj (t)i7i + W272) cos{vRp) 



Doing the O^^i and 4>b,i integrals in ( 10.3 ) gives 

Zb{uj) = e*'S'bou„da.-y+iS,. 

where 



g«Sb„u„d„-y ^ Det"^/^ 



Det-1/2 



n + (27f - 1) 

1=1 

1/2 [r'J"^ 



a; 



Dot 



-1/2 



Det-i/^ ['5,,™,i?f7f] 



Det^ 



(10.6) 



(10.7) 



(10.8) 



(10.9) 
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defines the normalized boundary action. In the hmit of large elapsed time T, ^boundary is proportional to T, so we 
define the effective boundary Lagrangian 



-^boundary ('i') — hm 777'S'boundary (l-^) • 
T — *oo 1 



We evaluate -Lboundarv(' ^) in Appendix |c[ 

are, 



The source terms in (10. 



-•sources 



ly^ + (272 - l)c^2 



+ (27I - 1)CJ2 



(^.2 + (27f - 1) I \~p%{v + L0)- p\{v - u;) \ 



Sij 



(10.10) 



(10.11) 



The first two terms in ( 10.11 ) were produced by the 9h,i and 4>b,i integrals. The third was produced by the fi integral, 
and does not couple the two ends of the string to each other. 



XI. EXPLICIT EVALUATIONS OF La^c AND S^, 



Combining Eqs. (|^), (fj), and (|Ta|) gives 



Z{UJ) = e*^icl(t^) + ifluc(a>)+»S3o 



where Lci(w) is defined by ( 3.16| ), S'sourccs is defined by ( |l0.1lD , and Lfluc is 



L&uc{^) = -^fluc"^('^) + iboundaryll^) • 



(11.1) 



(11.2) 



The terms on the right hand side of ( 11.2| ) are defined by equations ( ^7^ ) and (10.10). 

We now evaluate the partition function for appropriate physical limits of the quark masses. As we previously 
discussed in Section due to the renormalization of the geodesic curvature our results are only valid when the 
quark masses are either very large or exactly zero. The case where both masses are large is relevant only to the 
evaluation of the potential. We therefore have two physical limits: (1) the light-light case, where mi = 7712 = 
(71,72 — > 00), and (2) the heavy-light case, where toi — > 00 {vi 0) and m2 = (72 — > 00). We now evaluate 
Lf[-ac{^) and S'sourccs in thcsc limits. This will give us the zero point energy and the excitation energies of the 
fluctuations. 

We begin with Lfluc, and its two parts L^a™^ and ^boundary In the light-light limit L^^™^ is (7/12)cl', and in the 
heavy-light limit it is (5/12)cj (see Eqs. (4.6) and ( |4.8| )). We evaluate Lboundary in Appendix |c[ and find in the 
light-light limit 



-^boundary — ; 



and in the heavy-light limit 



Thus, in the light-light limit, 



Lb, 



oundary — 4^ ' 



(11.3) 



(11.4) 



and in the heavy-light limit. 



ifiuc(t^) = Y^t^ , 



(11.5) 
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(11.6) 
equal to zero in 

(11.7) 



ifluc(w) = . 

6 

We next evaluate S'sourccs in these limits. Consider first the excitations in the 9 sector. We set 
( |l0.1l| ) to obtain the the 9 sector propagator, 

The propagator Kg-' {v) has a simple pole wherever 1/ is equal to the energy of one of the excited modes. There is 
also a double pole at v = due to the invariance of the Lagrangian under a translation of the string in the direction 
perpendicular to the plane of rotation. This translation mode does not correspond to an excited state of the string. 

A general excited state will include multiple excitations of each mode, so its energy will be a sum of multiples of the 
energy of each mode. Only single excitations will appear in the propagator Kg-' {v), because of the harmonic oscillator 

selection rules. We obtain an explicit form for Kg-' (i^) by inverting T^^ (v) (in the sense of inverting a two by two 
matrix). In the light-light case, (10. 6|) becomes 



'^e ^ ^ {^^ij cot {^~) + (1 ^ %) CSC (n^ 



so the 9 propagator is 



Kl'{v) = — 



Sij cot 



TT— ] — (1 — Sij) CSC I TT — 



(11., 



(11.9) 



This has a double pole at = due to the translation mode in the direction perpendicular to the plane of rotation, 
which does not correspond to an excited string state. 

The single poles at ly — koj for ^ are due to the excited states of the string. These are the same poles as appear 

in G^g [v) ( B12| ), and consequently in Kg^ [v), in the limit of massless quarks. The locations of these poles are the 

same in Kg\v) and K^g [v) because AetKg\v) = in the massless quark limit. 

In the heavy-light case, the components of T^^ are 



VG (TXV 
— Ul CSC I 



0(«i) 
-0(yl) 



(11.10) 



Inverting the two by two matrix ( |ll.lC| ) gives, up to an overall normalization, the components of the 9 propagator. 



K 



11 



K 



1 /'TTh' 

H (i^) = tan -— 



22^ 



CO 



(11.11) 



We see that, in the limit mi ^ 00 (tji ^ 0), only the light-light component Kg^{h') is nonvanishing. It has poles at 



V = {2k + l)uj, 



fc = 0,1,2, . 



(11.12) 



corresponding to the normal modes of a string with one end fixed. The remaining components of the propagator 
are proportional to the heavy quark velocity. The heavy-heavy component Kg^{i') contains only a double pole at 

— 0, corresponding to the translation mode, and the heavy-light component Kg^{h') has poles corresponding both 
to excited vibrational states and to the translation mode. 

We next obtain the 4> sector propagator by examining (10.11). With some rearranging of terms, (10.11) is 

1 



-•sources 




-p^{,.)k;\:.)pU:.) + \i?;{y)K^^{uyp>^{v) 



-Re 



v'^ - up- + 27^^(1/ + tj) 



+ (27? - 1)^' 




"^i7i + (27; 



(11.13) 
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where KV (v) is, 



1 



1 



(-1) 



i+j 



-RiRj 



- 2v^ ~ 2il^[y - 2w) v'^ - 2vuj - 2j'jLu{iy - 2w) 



J/2 - 2ULJ + 2jfuj'^ u'^ - 2VUJ + 2^'^^LO'^ 

v'^ + 2vuj + 2il<^{v + 2a)) + 2vuj + 27|w(i/ + 2u;) 



+ 2t/w + 27/t^ 



2,, ,2 



J/2 + 2v^ + 272^2 



(11.14) 



In some of the terms in (11.13) we have translated the integration variable v by ztcj to make the argument of be 
V instead aiv There are three terms in ( 11.13 ): 



1. The Kg-' (i/) term. This is the 6 sector propagator which we examined earlier. 

2. The K]p{v) term, where the arguments of the two factors are equal. This is the (j) sector propagator. 

3. The p^^ {v + uj)fP^{i' — Lu) term, where the arguments of the two factors differ by 2uj. Since the natural 
frequency of the classical rotating string is drivin g it at a frequency u produces sidebands at ± 2ci; (to 
leading semiclassical order). The third term in (11.13) is a manifestation of this effect. 



The poles in iC? [u) give the energies of the excited modes of the string. We now consider how the poles in /CV {u) 



relate to the poles in T^^iy). Since appears in ( 11.14 ) with the argument v ±uj, the double pole in K^^ a.t v = Q 
due to the translation modes of the string will appear in as double poles at = ±lo. Likewise, the single poles in 
K]p giving the energies of singly excited states of the string will be shifted by u) when they appear in F^ . 
In the light-light limit, F*^^'"\ ( p^ ), is 



cot (^TT^^ + ( 



1 



5ij ) CSC 



so F7 is 



{Sij cot (tt^^ + (1 - CSC (i"^)) • 



(11.15) 



(11.16) 



The factors \y{v'^ — lo^)\ , combined with the trigonometric functions in (11.16), produce double poles in F^(z/) at 
u = 0,±ijj, and single poles at v — kuj for k — ±2, ±3, .... 
The (j) sector propagator, written in terms of FV , is 



(11.17) 



The double poles in F^(i/) ai v — icj do not produce poles in the propagator K]^(y) due to the prefactors in ( 11.17 ). 
Instead, they produce a double pole at v — 0. This double pole is the effect of the two translation modes in the 
directions parallel to the plane of string rotation, which are present in the propagator for all values of the quark mass. 

The double pole in F^ [ v] at = produces double poles in K]p{v) aX v = iw. These poles arise for the following 
reason: the condition ( |6.7| ) that the average of the fluctuations of the angular momentum of the string vanishes means 
that the zero frequency component of the motion of the string is constrained. This constraint removes from the motion 
the zero frequency component of a global rotation. This global rotation is contained in the 4>b,ii'^) boundary degrees 
of freedom. However, we have coupled all components of 4ib,i{i^) to the sources p^^{v)- Elimination of the coupling to 
the zero frequency component of the global rotational mode will remove the double poles of K^^{v) aX, v = iw. 

The single poles of F7 {v) at v — zLkuj for k > 2 produce single poles in the propagator (i^) at 



V = U]^ = km , for fc = 1, 2, , 



(11.18) 
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These are the true vibrational frequencies of the motion of the string in the plane of rotation, and give the energies 
of the excited states of the mesons corresponding to the excitation of a single quanta of frequency Vk ■ The spectrum 
of excited states in the 4> s ector is then the same as in the 9 sector, for a meson composed of zero mass quarks. 
In the heavy-light case, ( 10.7 ) is 

^ = -J — — —v^ + OM, 

rf M = ^^tan(-)+OM, 

so the components of are 



A ,,2 _L ,.,2 

The components of the sector propagator are 



r0W = -— -5 — ^csc — +OK). (11.20) 



4cr V - 2;/w + 2^2 j,2 _^ 2i^tj + 2^2 



- W^^^^T^'"^^ " + 4.^(^^2^ + 2.2). ^;^^ + c.) + 0[.\) 



/ N (i^-2.)^i;i (1^ + 2.)% , ^ , 2n 



(11.21) 



Just as in the 6 sector, the heavy end propagator K^{v) only couples to the translation mode as mi oo. In this 
limit, the only poles in T^^ are double poles &t v — ±., so the only pole in K^^ is a double pole at = 0. At the 
light quark end, F^^ does not have poles aX, v — ±., as the cotangent vanishes there. Just as in the 9 sector, in the 
heavy-light limit the light end propagator K"^ does not couple to the translation modes of the string. The simple 
poles in T'^^ at even multiples of . produce poles in K'^ aX v — ±(2rt +1).. 

The spectrum of singly excited string modes in the <j) sector is then the same as in the 9 sector, and the degeneracy 
of the light-light excitations is repeated in the heavy-light excitations. The remaining pole in F^^, a double pole at 

= 0, is present for reasons already discussed in considering the light-light case. The heavy-light component of the 
propagator K\^{v) couples to both hght end and heavy end modes, just as it did in the 9 sector. 



XII. THE MESON SPECTRUM 



In this section, we use the results (11.5) and (11.6), as well as the energies of the string excited states, to derive 
the meson Regge trajecto ries t o leading semiclassical order. We begin by calculating classical Regge trajectories from 
the classical Lagrangian ( |3.16 ). The angular momentum of the meson and its energy i?ci(.) are given by (5.16) and 

(EH), 



dLc\ / i?? / arcsinu,; 



duj 
„ did 

^ = ^cl 

duo 



2vi \ Vi 
arcsin Vi 



■niiRiVi^., 



(12.1) 
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From the cl assic al equa tion of motion we derived (3.23), which shows that Ri is proportional to for large 7^. 
Evaluating ( 3.16| ) and ( 12.1 ) in the limit of massless quarks, where the quark velocity Vi goes to one, yields the 
classical results, 



ici(a;)=--, 



J = 



2w2 



Er\ — . 



27rCT 



In the heavy-light case vi goes to zero and V2 goes to one, so 



J 



(-Bel - 



(12.2) 



(12.3) 



We now include the correction (5.17) to the energy due to fluctuations. In the light-light case Eqs. (5.17), (11.5), 
and ( 12.2 ) give 



E{J) = Ecl{uj) - ifluc('^) = — - , 

UJ 12 



(12.4) 



for the case of two light quar ks. The value of ui is given as a function of J through the classical relation u; = y/n(T/2J. 
Squaring both sides of ( 12.4 ) and dropping the term quadratic in Lduc yields 



J 



27r cr 



7 

12 



O 



(12.5) 



Using the WKB quantization condition J = Z + 1/2 in ( 12. 5| ) gives the leading Regge trajectory, relating the angular 
momentum quantum number / to the meson energy E, 



In the heavy-light case, Eqs. ( 11. 6| ) and (12.3) give the Regge trajectory 



[E-mif 1 1 _ [E -niif 

^ ~ 2 ^ TTCT 



TTCr 



6 



(12.6) 



(12.7) 



The energies of the excited states of the light mesons are obtained by adding the excitation energies nio to (12.4) 

7 



En{^) 



TTCT 



12 



bj + nuj . 



(12.. 



Since there are many combinations of string normal modes which give the same n (e.g., a doubly excited k — 1 
mode and a singly excited k — 2 mode each give n = 2), the spectrum is highly degenerate. There are two n ~ 1 
trajectories, each corresponding to a single excitation of one of the k = 1 normal modes. Higher values of n have 
higher degeneracies. 

From Eq. (12.8) for the nth excited hybrid energy level we derive the "daughter" Regge trajectory, 



I 



E^ 
27r(T 



1 

12 



n + 0{ 



(^) 



(12.9) 



In the heavy-light case, the normal modes with frequencies of (2k + 1)lu can combine to form states with excitation 
energies nu; for any n, though the degeneracies are different. The "daughter" Regge trajectories of (12.7) are then 



(E-mif 1 



TTCr 



n 

3 



O 



(E-mi) 



(12.10) 



Eqs. (12. £) and (12.10) give the leading semiclassical correction to the classical Regge formulae ( 12. 2] ) and (12.3). 
To compute the 0{a/E"') corrections to this result, it would be necessary to compute the contribution of two loop 
vacuum diagrams in the two dimensional field theory to find the energy of the lowest lying trajectory, and to compute 
one loop corrections to the propagators to find the energies of the excited states. 
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XIII. GENERALIZATION TO 73 / 4 DIMENSIONS 



It is interesting to compare t he re sults ( |12.(: ) with the corresponding rcsuh from classical bosonic string theory. To 
do this, we need to generalize ( |l2.(j ) to D dimensions. This dependence comes from the dependence of Lcff(ijj) on _D, 



which in turn comes from L^^™^{uj) and L 



(w), since the classical string energy is independent of D. 



^boundary 

Our calculation of iboundary(t^) separated the boundary fluctuations perpendicular to the plane of rotation of the 
string and the fluctuations in that plane. Neither of these contributed to -/jboundary(w) (see Appendix ^). Going 
from four dimensions to D dimensions only adds D — 4 additional directions for perpendicular fluctuations. These 
fluctuations will each give the same contribution to -Zjboundary(w) that the fluctuations perpendicular to the plane of 
rotation did in the four dimensional case, namely zero. The function iboundary('^) is therefore zero, independent of 
D. 



The function L^^™^{uj) was derived from Ziiuo), which was expressed in (3^) as the product of two determinants, 
one due to string modes perpendicular to the plane of rotation, and one due to string modes in the plane of rotation. 
Just as in the case of -/^boundaryC^), adding more dimensions adds additional string modes perpendicular to the plane 
of rotation, so the generalization of (B^) to D dimensions is 



Zi{iu) = Det-(^-3)/2 [_^2] j3et-i/2 ^ ^^^2 

^— + 2w^ sec^ ux 



= Det 



-{D-2)/2 



[-V^] Det" 



-1/2 



(13.1) 



The first of the determinants produces a term (D — 2)tt /2ARp in L'^j^^^i^), equ al to the Liischer term in D dimensions, 
with the length R of the string replaced with its proper length Rp (see Eq. ( 3.19| )). We have already evaluated the 
second determinant, which, after renormalization, gave the second and third terms in (4.5). For massless quarks. 



Rp — t:/lu, and the contribution of the second determinant is uj/2, so that the generalization of ( 12.6 ) to D dimensions 



IS 



TTCr D — 2 u 

hr, (uj) = OJ h nbJ . 

^ ' oj 24 2 



This can be rewritten to get E'^ as a function of I, 



271(7 I 



In 26 dimensions, the equation for the energy is 



D~2 
24 



O 



(13.2) 



(13.3) 



E' 



2TTa [l-\+n + 



(13.4) 



The spectrum (13.4) coincides with the spectrum of open strings in classical bosonic string theory. However, in our 
approach ( 13.4 ) is valid only in the leading semiclassical approximation, so it cannot be used for I = 0, where it would 
yield the scalar tachyon of the open bosonic string. 



XIV. COMPARISON WITH MESON MASSES 



In Fig. |2[ we plot the leading trajectory and first two daughters (Eq. ( 12.6 ) for n = 0, 1, 2) using the string tension 



a — (0.436)^ GeV~^, corresponding to a value a' — 0.89 GeV~^ for the slope of the p trajectory. The plotted points 
are meson masses on the p - 02 trajectory, and on possible daughters of this trajectory. We have added one to the 
orbital angular momentum to account for the spin of the quarks {J = I + s = I ^ \). The plotted points lie to the 
right of the leading trajectory, so the predicted masses are too low. This may be due to the fact that we are using 
scalar instead of fermionic quarks. In any case, the semiclassical correction is small, and the leading trajectory lies 
close to the classical one. 

We therefore compare the differences in the squared masses between the lowest lying meson for each I and higher 



energy states with the predictions of the semiclassical formula (12.6), 



s^s^ ]2ESsL=n, n = l,2,.... (14.1) 

27rCT 
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in GeV2 

FIG. 2. Regge trajectories ( 12.9 ) with n = 0, 1, 2, and meson masses in the p-a2 sector 
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TABLE I. Squared mass diflerences for the excited states of the p trajectory 



This energy difference is entirely due to the excited states of the str ing, a nd therefore may not be so sensitive to the 
kind of quarks used in the modeL The values of the mass difference (14.1) are shown in Table || for the excited states 
of the p {I — Q) and [l = 1). For n = 1, the semiclassical string theory predicts 2 degenerate states. This double 
degeneracy will be broken by higher order corrections, and we expect the predicted n = 1 mass to lie halfway between 
the physical masses of the two n = 1 particles. This works very well for the 02 meson, where averaging the masses 
of the two excited states gives Am^/27rcr — 0.98, compared to the predicted value of unity. For the p mesons, with 
I = 0, the semi class ical theory is not applicable, and the excited states in table | are not readily identified with the 



predictions of (14.1 



XV. SUMMARY AND CONCLUSIONS 



1. Beginning with an effective string theory of vortices which describes long distance QCD, we have calculated, 
in the semiclassical approximation, the effect of string fluctuations on Regge trajectories, both for mesons 
containing light (zero mass) quarks, and for mesons containing one heavy and one light quark. The semiclassical 
correction to the leading Regge trajectory for light quarks adds a constant {D — 2)/24 to the classical Regge 
formula. The small size of this semiclassical correction for D — A could explain why Regge trajectories are linear 
at values of I of order one. 

2. These results depended on two extensions of our previous work: 

(a) The renormalization of the geodesic curvature in the semiclassical expansion about a rotating string solu- 
tion, needed to take the zero quark mass limit. 

(b) The decoupling of the boundary and interior degrees of freedom of the string to obtain the back reaction 
of the interior degrees of freedom on the boundary. 

3. The spectrum of the energies of the excited states formally coincides with the spectrum of the open string of 
Bosonic string theory in its critical dimension D = 26. Here, we obtained this spectrum for any D from the 



24 



semiclassical expansio n of an effective string theory. The functional determinant A pp determining the measure 



for the path integral (3^) made the theory conformally invariant in the limit of zero mass quarks. Perhaps 
this quantization of effective string theory might prove useful towards efforts in quantizing fundamental string 
theories in non-critical dimensions. 

4. We treated the light quarks as massless scalar particles. This is appropriate at best for determining the energies 
of excited states of the string, where the dependence on the boundary of the string is small. The effect of 
chiral symmetry breaking, generating a constituent quark mass, must play a dominant role in determining the 
masses of mesons which are ground states of quark-antiquark systems. However, this constituent mass should 
approximately cancel in the mass differences between mesons on the leading and first daughter trajectories. The 
effective string theory should then describe the excitation energies of the mesons. 
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APPENDIX A: QUANTIZING THE ANGULAR MOMENTUM 



In this appendix, we quantize the angular momentum of the string semiclassically, using the semiclassical methods 
of Dashen, Hasslacher, and Neveu [|l^ (DHN) for obtaining the energies of periodic orbits. DHN find the energies of 
these states by looking at the trace of the propagator 



/"OO 

Jo 



(Al) 



where H is the Hamiltonian. The operator on the right hand side is defined in terms of a partition function with 
periodic boundary conditions. In our case, it is 



-iHT 



oriodic 



1- J Vf\OT^PiOVi,{t)VMt)^FP 
where the variables and are required to satisfy the boundary conditions 



T/2 



-T/2 ■ 



T/2 



-T/2 



(A2) 



(A3) 



1. Euler Angles 

The first step in quantizing the angular momentum is to introduce collective coordinates for the rotational degrees 
of freedom of the string. We parameterize the rigid body rotations of a straight string using the Euler angles a, (3, 
and 7, defined by the rotation matrix M , 

(cos a cos [3 cos 7 — sin a sin 7 cos a cos [3 sin 7 + sin a cos 7 cos a sin [3 \ 
— sin a cos (3 cos 7 — cos a sin 7 — sin a cos (3 sin 7 + cos a cos 7 — sin a sin 13 . ( A4) 

— sin 13 cos 7 — sin (3 sin 7 cos (3 / 

The angles a, (3, and 7 are functions of the time t. The rate of change of the matrix M acting on a fixed vector n 
defines the angular velocity to, 

— {Mh)=Mh = ux(Mn). (A5) 
at 

Since h is an arbitrary vector, we find 

= — de3 + (3 (cos ae2 + sin aei) — 7 (cos [3e^ — sin (3 sin ae2 + sin (3 cos aei ) . 

(A6) 

In the limit of small fiuctuations about a straight rotating string, the string only has two rotational degrees of 
freedom. Classically, the angular velocity about the axis of the string must be zero. Any contribution to this 
component of the angular velocity must be of quadratic order in small fluctuations about the classical solution, since 
it takes one fluctuation to give the string a moment of inertia about its own axis, and another to give it rotation 
about that axis. Therefore, to quadratic order. 
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l3 ■ xo = , 



(A7) 



where xq is the classical position of the string. 

The two physical angular degrees of freedom are the Euler angles a{t) and P{t) determining the orientation of the 
vector xq, chosen to be the Cg axis in the body fixed frame, 

xo — cos a sin /3ei — sin a sin (3e2 + cos /Sea . (A8) 

The condition xq ■ uj = 0, that there are no rotations about the string axis, is 

d cos /3 + 7 = 0. (A9) 

(AlO) 



This means that 7 is superfluous. Substituting for 7 using Eq. (A_9) gives 

uj[f3, a] ~ —a sin /3 (sin f3e^ + sin a cos /3e2 — cos a cos P&i) + /3 (cos ae2 + sinaei) 



To introduce the Euler angles into the functional integral (A2), we must define a and f3 as functionals of the string 
position i^. Let the function (l[x'^]{t) be the angular velocity of the string a;^ at time t. The form of this function is 
not needed for our calculation. We fix uj[a, f3] at all times by inserting a factor of one into the partition function. 



Det 



k-\ 



da d(3 



(All) 



Because the argument of th e 5 function only has two nonzero components, (All) only contains two 5 functions. 
Inserting the definition (AlO) of uj in the determinant gives 



1 = / V{cos (3)Va5^^ 
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(A12) 



Inserting the factor (A12) into the partition function allows us to write the center of mass partition function in 
terms of rotational degrees of freedom a and /3, 



^per: 



iodic 



1 



V{cos i3)VaVfiVf2VxiVx2AFp 

J dtL[x^'] 











Det 





(A13) 



a is the angle between the y axis and the normal to the plane of rotation. (3 is the (angular) position of the end of 
the string in the plane of rotation. 



2. Extracting the Sum Over Classical Solutions 



We evaluate the partition function ( Al3| ) semiclassically. It will then contain a sum over all clas sical solutions of 
period T. We now explicitly extract this sum from the functional integral. The classical solutions in (A_13) correspond 
to motion where the axis xq (t) of the string rotates with uniform angular velocity. We can parameterize these solutions 
by the Euler angles 



a = constant, 



(3 = cut. 



(AM) 



The constant iv satisfies the equation 



27rn 



(A15) 



for so me in teger n. We can always make a global rotation to ensure that the classical solution for a and /? has the 
form (A14), so we write 



criodic 



^(cos P)'DaDet 



dt^ 



(A16) 
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orbit for a =7i/2 



orbit for a =0 



FIG. 3. Orbits of the end of the string for different values of a 



where 



(A17) 



To enable us to extract the sum over classical solutions, we will explicitly divide a and f3 into parts which change 
the classical solution and parts which perturb the fields away from the classical solution. We first divide the field 
a{t) into fluctuations which change the classical solution and fluctuations which move the field away from its classical 
value. Classically, a(t) can be any constant ag- The choice of this constant determines which of the planes passing 
through /3 = will contain the string rotation. We note that, since lu^ = sin^ /3 + /3^, a always appears in the 
action in terms of the form dsin/3, which is classically zero. We define a new variable 



a = d sin /3 . 



In terms of the function a{t), a{t) is 



a{t') 



a{t)^ao+ / dt'-. 



(A18) 



(AI9) 



Because a only depends on d, its classical value is independent of the choice of the constant oq. 

The factor of sin/3 in the definition of a produces a complication. Comparing the inverse propagators of a and a, 
we see that 



da{t)da{t') 



(A20) 



When /3 is a multiple of tt, the inverse propagator of a vanishes, but the same is not true of the inverse propagator of 
a. At these points, the end of the string is at either the point (3 — or its antipode P — n, independent of the value 
of a (see Fig. ||). These points are called conjugate points. At these points classical trajectories with different values 
of ao meet. Due to the singularity in the propagator of a, the partition function picks up a phase of tt/2 at each of 
these points when we do the a integral, analogous to the phase shift at a WKB turning point [|T^. The a propagator 
does not have this singularity, so the partition function will not receive a phase shift from the a integral. In changing 
variables from a to a, we must add this phase shift to the partition function. The integration measure for a is 



Va = dao2'aDct"^/^[-<9f2]Det"^[sin/3]e 



T/2 



(A21) 



The argument of the exponential is equal to 7r/2 multiplied by the number of times /3 passes through a multiple of tt, 
which is the phase shift. The integral over ao is present because a is independent of the constant part of a. ao varies 
between and 27r. In terms of these new variables, the partition function is 
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We next extract the sum over the classical frequencies oj — 2Tin/T from the integral over (3. Let hit) = (3{t) — lo, 
and /3o = /3(t = 0). Then /3(i) is given by 



t 

1 1,1 J 



Pit) =f3a+Lut+ / . (A23) 







Due to the boundary conditions on f3, h{t) is subject to the restriction 

f.T/2 



dtb = PiT/2) ~ Pi-T/2) -LuT = 0. (A24) 

T/2 

The function bit) is also independent of Pq. 

The change of variables from P to b produces a change in the functional integration measure, 

Vp= J2 T^bdPoBet-'/^[~df]2J^. (A25) 



The factor of 2^1^ jT appears in (A25) because the integral has periodic boundary conditions. The definition of the 



determinant of —df is 



Dct~'^/^[~dt] ^ J dsi...dsjexp|-^ - 



(A26) 



However, in the case of periodic boundary conditions, Sj — sq — 0. Because of this, we need a Lagrange multiplier to 
identify the values of s at these two points, 

^</Lj-d?] =JdxJ ds,...ds, exp {-| - - ... - ^^-^ + .A.,} . (A27) 

Due to the additional term in the action, we must translate each of the Si to be able to do the integral. This translation 



IS 



s,^s,+i^ti. (A28) 



The effect of this translation on each term is 



_ > — — »A(si - Si-i) + —[ti - t,_i) , (A29) 



while the effect on the \sj term is 

2 

The total effect of this transformation is that 



iXsj iXsj — —tj . (A30) 



Det,.,Uhaj ^JdXj ds,...ds, exp |-- - -^—j- ... - - -jhj 

= Det-i/2[-a2] I dAexp|-^r| 

= Det-'f^[-d?]2^. (A31) 

This gives the factor we have included in Eq. (A25). A more general version of this derivation, valid for all Gaussian 
functional integrals, is done in Making the change of variables ( |A23| ) and implementing the restriction (A24) 

gives the partition function the form 
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w=2TTn/T-' \J-T/2 J 



Eq. (A32) gives Z^'^" as a sum over semiclassical integrals about classical solutions, 



^periodic ^ 2^ J2 e''^'^/^Z{uj) 



Lj=2Trn/T 



where Z{uj) is 
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Doing the integrals over a, b, qqi a-nd Po in (A34) gives 



(A32) 



(A33) 



(A34) 



(A35) 



The constraints that have been placed on a and /3 restrict Z{uj) to those string configurations with angular velocity 
uo. The expression (A35) is equivalent to the partition function Z{(jj) defined in Eq. (5.7), up to the 5 function 



(A36) 

This 5 function implements the boundary condition ( |6.7| ) as a constraint on x^. The constraint is due to the fact 
that, in obtaining the sum over classical solutions, we have removed the zero frequency component of one degree of 
freedom from the partition function. 



3. Summing over Classical Solutions 



We now insert the sum over classical solutions ( |A33 ) into ( |A1[ ) and use (5.9). This expresses the propagator G{E) 
in terms of Loff(w), 



G{E) 



u}=2-Kn/T 



:iT{E+u/2+L^a{^)) 



(A37) 



We evaluate of the T integral by the method of stationary phase. The poles in the propagator G{E) appear at those 
values of E for which the sum over n diverges. Therefore, we must approximate the T integral in a way which is valid 
for large n. As n becomes large, the classical solution will consist of many orbits at some frequency lj determined by 
the energy. Therefore, T is large in the large n limit, and the phase in the exponential fluctuates wildly. We do the 
T integral by expanding about the stationary point of this phase. This point defines T as a function of i?, 



d 

dT 



E 



= Lcff(w) + E - 



dT\duj 2/ 



(A38) 



The definition lu — 2Tm/T gives 



du) u) 

dT ~~T 



(A39) 



so the energy is 



E uj— Lcs{uj) . 

dw 



(A40) 
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Eq. ( A40| ) implicitly defines w as a function of E, so uj is independent of n, while T is proportional to n. The integral 
also produces a factor of 



1 



T 



E 



-1/2 



-1/2 



(A41) 



which cancels the factor of T (A37). The propagator is 



G{E) = 2iTTV2j2 



n=l 



-1/2 



^iT{L^itiuj)+E+uj/2) 



(A42) 



To do the sum over n, we make the n dependence explicit by writing T = 2im/uj everywhere, 



G{E) = 16i7r3%/2 



-1/2 



OC 



27rm 



a; 2 



(A43) 



Doing the sum, and replacing E using Eq. (A40), gives 



oo ^ 

^ exp \ 27 

r! = l 



Cij a; 2 



l_exp{2^*(^ + i)} 



1. 



(A44) 



Therefore, the propagator has poles whenever ^^^^ is an odd half integer, 

duj "^2- 



(A45) 



This is the WKB quant izati on condition for angular momentum. It tells us the angular velocities of the angular 
momentum states. Eq. (A40) then gives the energies of those states. The poles in the propagator G{E) come from 
the divergence of the sum over orbits for large numbers of orbits (large T), so Leff('^) is defined by taking the large 
T limit. 



Lpfffoj) = lim — InZiuj). 



(A46) 



APPENDIX B: EVALUATION OF G'^ {v) 



We will now evaluate ( B.17] ) , 



G;^H ^ (-l)^+^S((-l)^i?,)E((-lFi?,)7rVa^G(r,r',.) 

The Green's function G(r, r', v) can be written in terms of functions Zi(r, v), 

li{r>)l2ir<) 



G(r,r',i.) = 



i:{rh-^w[h,i2] 



and their Wronskian, 



The functions li{r^ v) satisfy the differential equation 



-|-7-^S(r)|; - 2(0(^.2 _ C) ] k{r, = , 



r' = (-l)>Hi 
r=(-l)3i{,- 



(Bl) 



(B2) 



(B3) 



(B4) 
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with the boundary conditions 



(B5) 



We will evaluate in both the 9 sector, where C — uj"^ and I](r) = 7r^, and the (f> sector, where C = and 
E(r) = j^r'^. 

We begin with t he 9 sector. The first thing we do is change variables. We use the 'proper length' coordinate x, 
previously defined 9.1 to be 



■ arcsin(u;r) . 



(B6) 



We also change the normalization of the functions (r, i/). We define the functions qf{x, i^), 



r 



(B7) 



The qf satisfy the differential equation 



(B8) 



and the boundary conditions 



arcsinwi, v I — Sij{—iyRi 



(B9) 



Therefore, the qf are 



sin (ra + (—1)*^ arcsinwj 
sm{i' Rp) 



where is the 'other' velocity, i.e. — Vi and = V2, and Rp is given by (3.19). 
The functions (r, ly) are therefore 



i?j sin (arcsin(a;r) + (—1)' arcsinuj)) 
r sm{iyRp) 



(BIO) 



(Bll) 



and G^J (z^) is 



Gl^{iy) = % ( + I'R^ cot{vRp) ) - (1 - S^j)i^R^Rj csc{i^Rp) 



(B12) 



Next, consider the 4> sector. We define the functions qf{x, v), 

ifir, v) = —qt{x,v). 
7r 



(B13) 



The gf satisfy the differential equation 



i'^ + ^ - sec2(wa;) ) (x, i^) = , 



(B14) 



with boundary conditions 



1i 



{-ly 



arcsinwj, 1/ I = 5i-j{-iy Ri'^i 



(B15) 



The ql are related to the eigenfunctions (C31), and are given by 
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[v"^ - (-l)'w^i;i7itan(wx)) (-l)'sin (vx + (-1)'- 
((— 1)' tan(a;a;) + Wi7j) cos {vx + (—1)*— arcsinuj^ 



arcsm v-- 



X [{v'^ - w^wi7i?;272) svL\{vRp) - vuj [vi^i + W272) cos(zyi?p)] . 



This gives the vahie of GY {v). 



5ij {vvj^i sm{vRp) - cjt;i7i«272 cos{vRp)) + (1 - 5ij)ujVi^iV2'^2 
[v'^ — w2^^^^v272) s\n{uRp) — VLO (wi7i + t'272) cos{vRp) 



(B16) 



(B17) 



APPENDIX C: EVALUATION OF Lboundary 
We now evaluate the contribution Lboundary of the boundary degrees of freedom to the effective Lagrangian, 



^boundary 



Um 



-— Tr In 
2 



- i^Trln 



2 



-1 



SijiTiiRf^iiy'^ 



- -Trln 
2 



r 



dij-niiRf-ffiy'^ 
1 



Converting the traces to integrals, inserting the explicit form (10.4) of Tg and (10.5) of 
1^ -iv gives ^boundary the form 



(CI) 



and Wick rotating 



1 



-^boundary — / S tr In 



dv 



2 

-tr In 
-trln 



_ (27^ - l)c.2 



+ (27,2 + 



(C2) 



The traces in (C2) are over the indices 

The integral over the first trace in ( |C^ ) is zero. The integrals over the second and third terms are logarithmically 
divergent in the cutoff on the wavelengths of string modes. Three of these modes are translation modes, so their 
contribution to iboundary should not be included in our calculation of meson masses. Normally these modes would 
contribute nothing to -^boundary, since they appear a,t v — Q. However, two of these modes are in the sector, and due 
to the frequency shifting in that sector they appear as poles in at v = ±lu. These modes contribute to ^boundary 
as harmonic oscillators with frequency uj, so the contribution of the translation modes to iboundary is 



L 



translation 
^boundary 

Subtracting this contribution from ^boundary gives 

1 



2 2 



(C3) 



L 



boundary 



- / — < tr In 

-tr In 



^2 



-f (272 -f l)c^2 



ViVj 



-IV) 



^2 _ (2^2 _ 1)^2 i.2^^^^^^ 



-iv] 



(C4) 
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We see that there is a logarithmic divergence in Lboundary by noting that, without a cutoff, G^g {—iv) and G^H—iv) 



R 



G'^{-w) = % + cothiv Rp) - (1 - 5ij)vRiRjCsc\Y{vR 



G'l{-iv)^5.,-i,R^^-^{v^^u^^) 

5ij {vvj^i smh{vRp) + cjfi7i 1^272 cosh(iyi?p)) - (1 - 5ij)ujViliV2l2 
_|_ aj2'i;i7iU272) sinh(iy_Rp) + {vi^i + U272) cosh(z^i?p) 



(C5) 



adding and subtracting the trace of G*^ from the integrals. This breaks (C4) into four parts. 



The functions (C5) are proportional to v in the large v limit. We pull this divergence outside of the logarithm by 

(C6) 



T r log term . j log term , j cutoff , j cutoff 

-t^boundary — J^g t" s + J^e ' ^<f> : 



where 



L 



loff term 







tr In 













S^J ( 1 



UJVi"fi 



V 



coth {vRp) ) - (1 - — VwiTr?^272CSch {vR^) 



L 



loff term 







tr In 













25. 



Rr 



+ up- 



(sinh(i.i?p) + cosh(i.i?p)) - (i - <5.j)^ v^^tT^ 



{v"^ + w2'i;i7iU272) sinh(iyi?p) + vlo (v\^\ + ?;272) cosh(z^_Rp) 



E 



liRi 



+ 



W171W272 



t^(wi7l + -^272) + i^"^ RpVl^lV2^2 



vvi^i sinh(i^i?p) + Li;ui7iW272 cosh(j/ i?p) 
(z^2 -I- a;2i)i7iW272) sinh(:^ i?p) + uuj (wi7i + W272) cosh(i/i?p) 



(C7) 



and where 



2 



dv 7i 



27r ^-^ Vj 

i=l ' 



[Gf(^-t,y)-Gf{0)) , 



cutoff 



1 f dvJ^LO^ 1 



■E 



(GjjHz.)~Gjj(0)) . 



(C8) 



We have grouped the term cu with the (j) sector, since it was introduced to cancel the contribution of the translation 
modes in the 4> sector. The presence of Gg (0) and G''^{0) in the cutoff terms removes a divergence at = 0. The 

logarithmic divergence is now entirely in and L™*°*. Since L^g^ and L^^^ are cutoff independent, we 

have inserted the explicit function s (|C5| ) into their definitions (C8). 

Naive insertion of the functions (p5|) into Lg"'°^ and in (|C4|) would make these integrals divergent. We must 

therefore include the dependence of the Green's function G(r, r', i/) on the cutoff A in the definitions of G^g and G^. 
We determine the cutoff dependence of G(r, r', i') by writing it as a sum of functions Snir), 



(C9) 



which satisfy the eigenfunction equation 
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with eigenvalue Xn and boundary conditions 

s„(-i?i) = s„(i?2) = 0. 



The upper limit of the sum in (C9) is defined by the equation 



Inserting (C9) in the definition ( B.I7 ) for the G"-' gives 



^ (-f)^+^E((-f)^i?.)E((-I)^-i?,)7r'%"' E 



The cutoff dependent part of ^boundary has the form 



L cutoff 



2 Q 



E 



2—1 ^ 



1 



{G%{-iiy)-G%{^ 



Inserting ( |C13| ) into (|Cl|) gives 



3/2 _ 



/_\dr"E(r")4(^") 



For the Q sector, the eigenfunctions s„(r) are 



r 



1 , / arcsin uir 



UJ 



where fc„ is defined by 



and the eigenvalues x„ are 



Replacing the s„(r) with ( pl6 ) gives 



knix) = sin ( —{x + Xi 



— 1 ^ 



7rn 



ir°" = -jE^^-»- E - 



I— 1 n— 1 

Replacing the sum over n with a contour integral with poles at z = irn/Rp gives 

2 



^cutoff ^ _ 1 y ^^^^^ f cot(i?pZ) 

i=i 



(CIO) 

(Cll) 
(C12) 

(C13) 



(C14) 



(C15) 



(C16) 



(C17) 



(C18) 



(C19) 



(C20) 



The contour runs along the line Rez = 7r/(2i?p) and along a semicircle where \z\ = A, the cutoff, and the real part of 

z is positive. 

We divide (C20) into two integrals over the parts of the contour to get 
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-± 



dy- 



— tanh(i?py) 



s(7r/2_RpA) 



.rccos('7r/2J?p A) 



de cot (ARpc" 



(C21) 



The cotangent in the 9 integral is proportional to the sign of 6 for large A, so the 9 integral vanishes. The integral 
over y is real, because the imaginary part of the integrand changes sign when y — > —y, 



- cutoff 



27r 



y 



dy— — tanh(i?p2/) 



(C22) 



47F 



We extract the cutoff dependence from the integral to get 

r cutoff ^^i^i 



2tt 



V 71-7, 



du- 



— (tanh M — 1) 



(C23) 



We have repla ced A , the cutoff for the coordinate x, by M/ji, where M is the cutoff for the physical coordinate r, as 
we did in Eq. ( 9.14 ). We have also chan ged integration variables to u = yRp- 

The logarithmic depend ence of (C23) on M is removed by renormalization of the coefficient k of the geodesic 
curvature term defined in ( |4.2| ). Since the geodesic curvature diverges in the small quark mass limit, our choice of 
renormalization point determines the coefficient of the leading term in the effective Lagrangian in that limit. In the 
final result, the renormalized geodesic curvature term will cancel the divergence of the semiclassical corrections in 
the small quark mass limit. We therefore choose the renormalization point for which there is no small quark mass 
divergence in the semiclassical corrections. We must evaluate both and since both contribute to the 

small mass limit divergence. 

The term *''™ in Lboundary is 



- log term 



1 

2 

V 



dv 
2^' 



In 



— (wi7i + W272) coth(iyi?„) + ^wi7iW272 



E 



coth(i^i?p 



(C24) 



We can simplify this integral by rewriting the integrand. 



loff ten: 



dv 
2^ 



In 



f + 



bJV (Ui7i + W272j 



^ m 

27r I 



+ Vijj {v\^\ + W272) + w2wi7lW272 

l + -t'i7i l + -t'272 -1^— - 



(coth(j/i?p) - 1) 
coth(z/i?p) — 



vRr, 



Integrating by parts in the second integral gives 



L 



log term 



°° dv ^ 
— In 
2Tr 



LOV (Wl7l + 1'272) 



1/2 + VbJ (f 171 + ■i;272) + Up'V\'^\V2^1 



{coWiyRp) - 1) 



E 



27r 



— i — -^-^ In (y + Lovcii) ln(i^ i?p) (coth(i/ i?p) 



vR^ 



'Rp I dv\n{vRp) 
Jo 



csch^ (vRp) 



1 



v-^Rl 



Evaluating this expression and making the change of variables t — vRp gives 



(C25) 



(C26) 
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- log term 



dv 



In 



2^ 
27r 



{coth{iyRp) - 1] 



E 



— In (RpLUVi'yi) + 1 — / dtlnt 



csch2(t)-- 



(C27) 



The sum of L™*"*^ and 



IS 



T cutoff I T log term 

1^0 -f- i^n 



dv 

7:— In 

27r 



27r I 
dtlnt 



1/2 + J/CJ (t;i7i + U272) + Uj'^Vi'^iV2'y2 



(coth(i/i?p) - 1) 









^2Afmj^ 


+ 1 + 








Jo 



In 



2 1 
csch {t) — — 



"2 + ^ 



(tanhu — 1) 



(C28) 



where we have used the classical equation of motion (3.22) to simplify the argument of the logarithm. The terms in 
the sum are renormalizations of the geodesic curvature, so, after renormalization, 



7- eutoff , r log term 



dv 
2^ 



In 



1 



ujv (ui7i + 1^272) 



(coth(j/i?p) - 1) 



(C29) 



For two massless quarks the integral ( |C29[ ) is zero, and for one massless and one heavy quark it has the value 

w/8 + O(-yhoavy)- 

We next evaluate using the formula ( |C15| ) as we did for For the (j) sector, the eigenfunctions s„(r) 
are 



1 / arcsinwr 
Sn{r) = — /„ 

where /„ is defined by 

fn(x) = v^cos {^J)(7iX + 5n) + tan(cjx) sin {.J)(7,x + (5„) , 
and the eigenvalues Xn satisfy the equation 

U171 + W272 



tan(^X^i?p) 



XnUJ- 



(C30) 



(C31) 



(C32) 



Xn - a;"'i;i7iW272 

The solution Xn = ^'^ to (C32) is not a valid eigenvalue, as it causes ( |C31 ) to vanish everywhere. The phases 5„ are 



'Xn 



6n = — arcsin vi + arctan 



arcsin W2 — arctan 



fVx^\ 

\UJV2^2j 



(C33) 



The definition ( p32 ) of Xn r aakes the two definitions for (5„ equivalent. 
Replacing the s„(r) with (C30) gives 



- cutoff 



1 (i/„ - 



R 



a;ui7i 



CJV272 



Rn 



The function 



F(z) — In 
dz 



(z2 - Cj2i;;^'-y;^U272) sin {RpZ) - LUZ (Wi7i + W272) COS (RpZ) 



(C34) 



(C35) 
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has poles of residue one at z = ±^1^. We rewrite the sum ( p34 ) as a contour integral 



cutoff 



1 

47ri 



F{z). 



(C36) 



The contour is the same as for Eq. (C2C). The poles in the term in square brackets in ( C36| ) all lie on the imaginary 
axis, which lies outside of the integration contour. Evaluating F{z) gives 



^ cutoff 



47ri 



Rn 



R. 



(2 + RpLu {vi^i + W272)) zsin (i?pz) 
+ {z^Rp - a; (t)i7i + V2J2) ~ uj"^ RpVi^iV2^2) cos (Rpz) 
X [(z^ - a;^wi7i-(;272) sin (Rpz) - tjz (wi7i + W272) cos (Rpz)] ^ - 



2z 



(C37) 



The term 2z/(z^ — w^) does not contribute to the integral, since its poles are canceled by the factor of — cj^ in the 
integrand. 

We divide the integral over z into an integral over the line at Re z = n/ {2Rp) and an integral over the semicircle at 
jzj = A. The integral over the semicircle vanishes, and the integral over the line is 



L 



cutoff 



47r 



Rr, 
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Rt> 



2Rr 
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y - « 



27? jj 



UJV2J2 



y ~ ) Rp + uj (i;i7i + 1)272) + ^ RpViliV2l2 ) sinh {Rpy) 



+ (2 + Rpuj (ui7i + i;272)) y - i^r^ cosh {Rpy) 



2Rr, 



y - ^ 



2Rr. 



-u! ■i;i7iW272 I cosh(i?py) 

H -1 



y - ] (wi7i + ^'272) sinh (Rpy) 



(C38) 



Extracting the divergent part gives 

cutoff _ «?7» f 2MRp 
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2ttR.i \ 7r7j 
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dyRe< 



y-i 



2Rr. 



y - « 



2-Rt3 
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y - i-^j^ ) Rp + uj {vi^i + V2I2) + w i?pWi7i^'272 I sinh {Rpy) 



sir 
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(2 + RpUj (i;i7i + 'U272)) ( y - ) cosh {R^y) 



y - « 



oj [y ~ I 



2R, 



■ uj^vijiV2j2 j cosh{Rpy) 



(wi7i + 1)272) sinh (Rpy) 



E 



(C39) 



where we have replaced A with M/ji just as we did with Lg^^°^ . 

We are interested in the value of L™*°^ in two limits, one where 71,72 — > 00, and one where vi 1, 72 — > 00. 
In the first limit, the integral ( p39| ) is dominated by the region where y is large. If y is of order uj, the term in the 
integrand which contains the hyperbolic functions is of order 7~^, so we can make the approximation 



sinh (Rpy) — cosh (Rpy) 



:,RpV 



(C40) 



to simplify the integrand 

T cutoff 
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2tt 
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dy 



y '^m; \ 
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2Rr. 



Rp - E,; 



(C41) 



The terms in the integrand can be rearranged to extract the most important part of the integrand for large y, 
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/ / ■ 7r ' 

dy 
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2tt 
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1 



- ^21-272 



2tt 
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dyl [y-i 
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{y-^m; 




(C42) 



The second integral in ( C42| ) is zero. We can rewrite it as an integral from —00 to 00, since the real part of the 
integrand is symmetric when y —f —y. We can then convert it into an integral over a closed contour by adding a 
semicircle which pass es through y — —ioo. The integrand has no poles inside this contour, so the integral is zero. The 
first integral in (C42) can be done exactly, giving 



L' 



cutoff 
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2tt 
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M 



+ 0(7r\72"'), 



(C43) 



in the limit 71, 72 — > 00. 

In the limit v\ ^ 1, 72 — 00, 2^^'°*^ splits into two parts. One part, dominated by y = WU272 + 0(1), is evaluated 
the same way as in the light-light case. The other part is dominated by small y and is handled differently. Using the 
result (C43) to evaluate the first part and taking the limit 72 —> 00 in the second part gives 



.cutoff _ ujviji^^f2MRp 
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wwi7i 



dy 
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RpViji) sinh (Rpy) + RpU> {y - ii^;^ cosh [Rpy] 
Lu'^vi'yi cosh (Rpy) + uj (^y - sinh (Rpy) 



+ 0(72-')- 



(C44) 



Since y — «7r/2i?p is always at least of order 1, the integrand in (C44) is of order 1, and the term containing the 
integral is of order vi . The difference between the first two terms in ( G44 ) and the terms in ( |C43| ) is also of order vi . 
Therefore, in the heavy-light limit, 
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+ 0{v^,%^). 



(C45) 



We next evaluate tcrm^ simplify the integral by separating it into two parts which are small for v ^ 

and one part which does not contain hyperbolic functions. We break the v integral into three pieces, 

^log term 
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(C47) 



The second and third integrals are dominated by the region where v is small. We can evaluate 1\ exactly, since the 
argument of the log factorizes. We find 
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■ arctan(wi) 



(C48) 



In both the light-light and heavy-light limit we take the limit 72 ^ 00. In this limit, the three integrals ( p47 ) are 
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(C49) 
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where we have changed integration variables in I2 and /a to s = v /oj. 
In the Ught-Ught Umit, we take 71 ^ 00 and find 



T log term ■ 
SO L,^ IS 



2tt 



l-ln2 + -7r) +0(7r\72-i). 



/3 = 0(7r\72~') 



E 



27r 



l-hi2 + -7r) +0(7r\72-i) 



in this hmit. The combination i'"^ + i^^'toff is then 



J log term . r cutoff 
^0 +-^"0 



E 





27r 



In 



A/ 



1 - hl2 + -TT 



0(7r 



After renormahzing the geodesic curvature, we obtain 



J log term I J cutoff _ n 



in the limit of massless quarks. 

In the heavy-light limit, we take in ( C49| ) and find. 



WW272 
2tt 



(^l-ln2 + ^^^ +^Lj + 0{vi\nvi,%^), 



l2 = — ds In tanh (^-sj + 0(i;i, 7^^) = + 0(vi, 



72 



Thus, in this limit, after renormahzing the geodesic curvature. 



+ LT""" = -I^ + 0{vi In^i, 72~') • 



Combining ( |C29| ) with ( |C53| ) gives L''"""'^'^'^^ in the hght-hght hmit, 

-^bouudary — 5 

and combining ( |C29| ) with ( |C55| ) gives ^boundary ^j^g heavy-light limit, 

1 



-'boundary 
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